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^ ! Abstract: We show how the level matching condition in six dimensional, abelian 

I and supersymmetric orbifolds of the Eg x Eg heterotic string can be given equiv- 

' alently in terms of fractional gauge and gravitational instanton numbers. This 
relation is used to restate the classification of the orbifolds in terms of flat bundles 

O I away from the orbifold singularities under the constraint of the level matching con- 

Q I dition. In an outlook these results are applied to Kaluza-Klein monopoles of the 

^ ■ heterotic string on 5*^ in Wilson line backgrounds. 
> 

^ . 1 Introduction 
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In this talk we present some results of [|l6l and apply them to Kaluza-Klein monopoles 
of the heterotic string on S^. 

Even though heterotic orbifolds have been known for a long time |^, their 
strong coupling description in terms of M-theory on S^/Z2 is still very limited [10 



11] , |I2| [T^, |TJ, |I5|. Here we focus on symmetric, abelian and perturbative orbifolds of 
the Eg X Eg heterotic string in six dimensions preserving 8 supersymmetries without 
discrete torsion. 



2 The level matching condition 

At first, we consider a single fixed point in an arbitrary model located at the ori- 
gin of C^. Associated to it is a generator (r, 7) of Zn consisting of a rotation 
r acting like exp(27rz$j) on the complex coordinate and a gauge shift 7 act- 
ing like exp {2mpiH]) exp{27ri(3iH^) where the H]'^ are the eight generators of 

(1 2) 

the Cartan subalgebra in the adjoint representation of Eg ' . The Hj will be nor- 
malized such that the Eg lattice Ag is given by the vectors = [rii, . . . , rig) and 
= (i+ni, . . . , l+ng) with rij € Z and rij G 2Z. This implies that 2 = -^/^i 2 
is a lattice vector. 
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Consistency of the model requires the level matching condition 



^' = Pl + Pl mod I (1) 
to be satisfied ||, ^. This equation, however, bears great similarity to the relation 

iiR^ = — tr + — tr F| (2) 
30 ^ 30 ^ ^ ' 

required by the Green-Schwarz mechanism |^ together with perturbativity of the 
orbifold. Therefore one is naturally led to the question of to what extent the two 
equations are related. But already in the case of the simplest Z3 orbifolds it can be 
seen that @) can not account for the full instanton numbers. To this end, consider 
the standard embedding (1,— 1,0^;0^) with the gauge group U(l) x E7 x Eg and 
compare to the embedding (1, — 1, 0^; 2, 1^, 0^) with the gauge group U(l) x E7 x 
SU(3) X Eg. In the first case the instanton number for the second Eg is zero whereas 
in the second case it cannot be zero! 

However, by comparing to the Spin(32)/Z2 case [|], ^ one can easily guess |^ 
that the level matching condition (|l]) corresponds to the formula 

--At / tri?2 = - — At / trK^-— At / trF| (modi) (3) 



As was shown in ||T6|], the fractional part of the instanton number for Eg is indeed 
given by 

^ ^ ^trF^ = —P^ (modi) (4) 
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Note that this formula is clearly invariant under the Weyl group as well as under 
lattice shifts P ^ P + p, since 

I = jiP + Pr = ^iP' + '^PQ/N + p') = ^P' + pq + N^ = ^P' (mod 1) 

(5) 

and pq 6 Z, G 2Z. 

Therefore the level matching condition in the form of (^ corresponds to the 
condition that at every fixed point the sum of the fractional parts of the gauge 
instanton numbers match the fractional part of the gravitational instanton number 
(which is 1/N). In particular the level matching condition as given in (|^) has nothing 
to say on how the integer part of the gauge instanton numbers gets distributed 
among the two Eg groups, i.e. the two walls in M-theory on S^/Z2. 



3 Global description of the orbifold 

We now turn to the global description of the orbifold. The target space, i.e. the 
geometric orbifold, is conveniently described as O = C^/ S where S, the space group, 
is generated by affine transformations D : x i-^ rx + h ^ (for an introduction see 
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or 0, chapter 16). As we restrict to abelian orbifolds, the point group, i.e. the 
group generated by the rotations r alone, is abehan. 

To include the gauge degrees of freedom we augment Dhy a. gauge transformation 
7£) and require that the map 7 : S" — > Eg x Eg is a group homomorphism. This 
implies that, when a nontrivial group element is associated to a pure translation 
h, it generates a cyclic subgroup of Eg. In this case the model is said to contain 
"discrete Wilson lines" . 

As we will now show, the map 7 is nothing but the data of a flat Eg x Eg bundle 
on the orbifold with the fixed points taken out. Define F to be the set of fixed 
points of elements of S. Then the fundamental group of — F is trivial since, by 
super symmetry, F consists of isolated points only. Therefore — F is the universal 
covering space of {C"^ — F)/ S = O — F and the fundamental group of O — F is given 
by S. This should be intuitively clear, since every line in — F whose ends are 
identified under an nontrivial element of S, gives rise to a nontrivial loop in O — F. 
But since a fiat bundle, with respect to a fixed point of reference, is given by the 
gauge transformations associated to every nontrivial loop starting and ending at 
the reference point, the map 7 specifies a fiat bundle and vice versa (up to gauge 
transformations of the bundle). 

Consistency of the model requires that for each fixed point Xq = Dxq with 
Dx = rx + h the level matching condition (|I|) has to be fulfilled for the generator 
(^;7d)- This translates into the requirement that the fiat bundle gives rise to 
fractional instanton numbers satisfying (H) at every fixed point. 

4 Conclusions 

We have shown that the orbifolds in our class correspond to all possible fiat Eg x 
Eg bundles on the orbifold C'^/S with the fixed points taken out under the only 
restriction that the sum of the fractional parts of the gauge instanton numbers 
(computed from the flat bundle data via (§)) match the fractional part of the 
gravitational one locally at every fixed point. 

Since the fractional instanton numbers are computed seperately for every Eg, 
this classification fully applies to M-theory on S^/Z2. 

Furthermore, as there exists a model for any given data satisfying the level 
matching conditions, these conditions should account for all global consistency con- 
ditions, at least from the ten dimensional viewpoint. This implies, by locality, that 
anomaly cancellation in M-theory on S^/Z2 can be (and must be) fully accounted 
for by discussing single fixed points as in section 



5 Outlook 
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We end with a small outlook at possible uses of the computation given in 

One of the motivations for [|TB[ was that the gauge shift at a given fixed point is 
given by a vector f3 which is right the amount of data needed to specify a Wilson 
line, say of the heterotic string on S^. To make this similarity more explicit, consider 
an open ball cut out around the origin of C^. Dividing by Zjv as in section |^ we 
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get an A^^i orbifold singularity at the origin, which can be easily blown up to a 
manifold M with boundary S'^/Z^ =: Lj^f. This boundary is known as a lens space. 

It is well known that this configuration can be found at the core of N Kaluza- 
Klein monopoles of the heterotic string on sitting nearly on top of each other 
. Furthermore, taking an S"^ surrounding the monopoles in nine dimensions this 
sphere lifts to a bundle — > S"^ in ten dimensions. But the total space of that 
bundle is nothing but our lens space Ljy: in case of one KK-monopole the bundle 
is well known to be the Hopf-fibration which is nothing but an U(l) bundle on S'^ 
with transition function 1 G 7ri(U(l)). Combining monopoles just gives an U(l) 
bundle with transition function G 7ri(U(l)) which can be identified with (see 

El)- 

But very far from the centers of the KK-monopoles spacetime looks locally like 
X X R^'^ and the generator just rotates one time around the S^. Therefore, 

associating a gauge shift (3 with this generator is equivalent to specifying a Wilson 

line given by (3 around the 5*^. 



Now one of the features of the calculation of (|) given in [|T6] was that for a 
gauge field configuration where the gauge connection A is constant around the S^, 
i.e. a Wilson line, even the integer part of the instanton number can be computed: 

1 1 ^trF2 = -/52 (6) 
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Even though such a configuration cannot be supersymmetric because of the sign 
of the instanton number, it should appear in the magnetic charge lattice of the 
heterotic string on S^. 

This correspondence might shed some light on the physics of the heterotic string 
on orbifold singularities with nontrivial gauge backgrounds. 

Acknowledgements 

This work was supported by the European Programs HPRN-CT-2000-00131, HPRN- 
CT-2000-00148 and HPRN-CT-2000-00152 and by the DFG Schwerpunktprogramm 
(1096). I would like to thank A. Font, N. Obers, S. Theisen and A. Uranga for dis- 
cussion. 



References 

[1] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, "Strings On Orbifolds," Nucl. 
Phys. B261 (1985) 678. 

[2] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, "Strings On Orbifolds. 2," 
Nucl. Phys. B274 (1986) 285. 

[3] M. Berkooz, R. G. Leigh, J. Polchinski, J. H. Schwarz, N. Seiberg and E. Wit- 
ten, "Anomalies, Dualities, and Topology of D=6 N=l Superstring Vacua," 
Nucl. Phys. B475 (1996) 115 ||hep-th/960518l . 



[4] K. Intriligator, "RG fixed points in six dimensions via branes at orbifold sin- 
gularities," Nucl. Phys. B496 (1997) 177 ||hep-th/9702038| . 



4 



G. Aldazabal, A. Font, L. E. Ibanez, A. M. Uranga and G. . Violero, "Non- 
perturbative heterotic D = 6,4, N = 1 orbifold vacua," Nucl. Phys. B519 (1998) 
239 ||hep-th/9706l58[ . 



C. Vafa, "Modular Invariance And Discrete Torsion On Orbifolds," Nucl. Phys. 
B273 (1986) 592. 

M. B. Green and J. H. Schwarz, "Anomaly Cancellations In Supersymmetric 
D = 10 Gauge Theory and Superstring Theory," Phys. Lett. B149 (1984) 117. 

H. Miles, "Strings On Orbifolds: An Introduction," CERN-TH-4918/87 

J. P. Polchinski, "String Theory", Vols. I and II, Cambridge, 1998. 

S. Stieberger, "(0,2) heterotic gauge couplings and their M-theory origin", Nucl. 
Phys. B541 (1999) 109 ||hep-th/9807T2l . 



M. Faux, D. Liist and B. A. Ovrut, "Intersecting orbifold planes and lo- 
cal anomaly cancellation in M-theory", Nucl. Phys. B554 (1999) 437 |[hep- 
th/9903028|| . 



V. Kaplunovsky, J. Sonnenschein, S. Theisen and S. Yankielowicz, "On the 
duality between perturbative heterotic orbifolds and M-theory on T(4)/Z(N)", 
|hep-th/9912"Tl4l . 

M. Faux, D. Liist and B. A. Ovrut, "Local anomaly cancellation, M-theory 
orbifolds and phase-transitions", |hep-th/ 0005251. 



M. Faux, D. Lust and B. A. Ovrut, "An M-theory perspective on heterotic K3 
orbifold compactifications," [hep-th/0010087| . 

M. Faux, D. Lust and B. A. Ovrut, "Twisted sectors and Chern-Simons terms 
in M-theory orbifolds," |hep-th/0011031 . 



J. O. Conrad, "On fractional instanton numbers in six dimensional heterotic 
E(8) X E(8) orbifolds," JHEPOOll (2000) 022 l^ep-th/ 0009251 1. 



A. Sen, "Dynamics of multiple Kaluza-Klein monopoles in M and string the- 
ory," Adv. Theor. Math. Phys. 1 (1998) 115 [|hep-th/9707042|| . 



5 



